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main points
turbulence acts anti-diffusively maintaining large-scale jets        
(Jupiter’s winds, Earth’s polar jet-stream)	



	

 [this is known for finite amplitude jets]	


S3T describes the joint dynamics of the mean flow and the eddy 
statistics (closed at second order)	



turbulence acts anti-diffusively reinforcing even infinitesimal 
amplitude jets (leading to instability)	


modulational instability of Rossby waves is a special case of S3T 
instability	


within S3T we can study the statistical stability of inhomogeneous 
(i.e. with finite amplitude jets) turbulent statistical equilibria
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Fig. 4. ū and v̄ are plotted as a function of latitude for our nominal analysis.
Error bars are 2 standard deviations from the mean. For the ū plot, the error
bars are smaller than the box symbols, though actual errors may be larger due
to systematics. ū is also compared with the zonal velocity profile of Porco et al.
(2003). There is good agreement between the two curves, except for discrepan-
cies at the sharpest peaks, due to our relatively larger grid spacing.

as well as the variation of zonal velocity with latitude:

(4)
(

dū

dy

)

n

= ūn+1 − ūn−1

yn+1 − yn−1
.

4. Results

4.1. Rate of energy conversion

Fig. 4 shows ū and v̄ as a function of latitude for our nom-
inal analysis, with ū overplotted on the zonal velocity profile
of Porco et al. (2003). There is fairly good agreement between
these two curves, despite the fact that Porco et al. used a line-by-
line correlation method, rather than a feature tracker, to deter-
mine ū. The largest differences between the two curves exist at
the most extreme ū values where our wind profile is smoothed
slightly due to our coarser grid resolution. v̄ is slightly offset
from zero, with a mean value of −0.2 m s−1. Although this may
be a real effect, a non-zero v̄ has not been noted by previous
researchers and could be induced by a small navigation error,
which we discuss further in Section 5.7.

Fig. 5 shows dū/dy, u′v′, and their product as a function
of latitude. We note a positive correlation between the signs of
these two parameters, implying a flow of energy from eddies to
zonal flow. The correlation coefficient of the bottom curves is
∼0.86.

Following the convention of Holton (2004), the rate of trans-
fer of eddy kinetic energy (K ′) to zonal mean kinetic energy
(K̄) is defined as

(5)[K ′ • K̄] ≡
〈
ρu′v′ dū

dy

〉
,

where ⟨ ⟩ represents a global average. Our measurements allow
us to estimate the product u′v′ dū/dy, which, when averaged

Fig. 5. On the bottom plot, u′v′ and dū/dy are plotted together as a function
of latitude. u′v′, corresponding to the right of the two axes, is plotted as dots
with error bars corresponding to 2 standard deviations from the mean. dū/dy

is shown as a solid line and corresponds to the left of the two axes. There is a
distinct positive correlation between the two curves, and their correlation coef-
ficient is 0.86. The top plot shows the product u′v′ × dū/dy.

Table 1

Type of analysis Correlation between
dū/dy and u′v′

Power/mass
(10−5 W kg−1)

2σ error

Conservative 0.86 7.1 0.66
Conservative, no ovals 0.87 7.1 0.76
Conservative, binned 0.87 7.3 0.59
More complete 0.88 12.3 0.59
More complete, no ovals 0.87 12.3 0.80
More complete, binned 0.87 12.4 0.70
Two rotations, cons. 0.74 6.0 1.4
Artificial shear 0.56 0.33 0.37
Ingersoll et al. (1981) 0.4–0.5 15–30

over the surface yields the power per unit mass transferred from
eddies to zonal mean flow. Letting n refer to a given latitude bin
and N be the total number of bins, this power per unit mass is
given by

(6)power/mass ≈ 1
∑N

n=1 cosφn

N∑

n=1

(
dū

dy

)

n

(u′v′ )n cosφn.

For our nominal analysis, this quantity is equal to 7.1 ×
10−5 W kg−1, compared to a value of 15–30 × 10−5 W kg−1

found by Ingersoll et al. (1981). We performed several, slightly
different analyses, which will be discussed in Section 5, and the
power per unit mass derived from all analyses can be viewed in
Table 1.

In order to estimate the total power transfer from eddies to
zonal flow, it is necessary to know the amount of mass involved
in the transfer. Multiplying power per unit mass by the mass
per unit area dP/g, one can obtain the total power per unit area
transferred—a number that can be compared to the total power
per unit area emitted by the planet. Unfortunately, the mass in-
volved in the transfer is not well constrained; dP is uncertain
to perhaps an order of magnitude. At a minimum, the trans-
fer includes the main visible cloud deck, which has been esti-
mated to depths just short of 1 bar (Atreya and Donahue, 1979;
Kunde et al., 1982; Banfield et al., 1998) or to between 1 and
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Jets are eddy-driven
Cassini 2000!
Voyager 1979-1980



Barotropic vorticity equation on a beta-plane

stochastic 
forcing

dissipation

we non-dimensionalize 
using

r · u = 0



The S3T dynamical system

restrict nonlinearity by not allowing 
eddy-eddy      eddy interactions (QL)

Z(x, t) = h⇣(x, t)i , ⇣ 0(x, t) = ⇣(x, t)� Z(x, t)

C(xa,xb, t) = h⇣ 0(xa, t)⇣
0(xb, t)i

R(C) = �r ·

ẑ

2
⇥ (ra�

�1
a +rb�

�1
b )Cab

�

a=b

= �r · hu0⇣ 0i

@tZ+U ·rZ + �V = R(C)� Z

@tCab = [Aa(U) +Ab(U)]Cab + "Qab



stability of homogeneous 
S3T equilibrium

U

e = 0 , Ce(xa � xb) =
"Q

2

because        is an eigenfunction of 
          we have that  

perturbations                about the homogeneous equilibrium satisfy 
the linearized S3T equations:

�Z, �C

eigenfunctions:
(plane wave)

!n =
��n

x

n2

ω: Rossby wave frequency

(for any ε, β)



eigenvalue relation for the stability of 
homogeneous S3T equilibrium

� + 1 = "

Z
d2k

(2⇡)2
|n⇥ k|2(k2s � k2)(k2 � n2)

k2sk
4n2 [� + 2 + i (!k+n � !k � !n)]

Q̂(k)

2

!n =
��n

x

n2

ω: Rossby wave frequency

ks = k+ n , ks = |ks|

Q̂(k) =

Z
d2k

(2⇡)2
Q(xa � xb)e

ik·(xa�xb)

for given ε, β and Q(k), eigenvalue that corresponds to 
eigenfunction with wavevector n satisfies:

^



eigenvalue relation for the stability of 
homogeneous S3T equilibrium
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eigenfunction with wavevector n satisfies:
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Critical ε for S3T instability 
with isotropic forcing
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Critical ε for S3T instability 
with anisotropic forcing

(schematic)
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small β regime

jets are the most unstable

contours: 
growth-rate 

!
color shading: 
phase speed

(remember wavenumbers 
are scaled with kf) 
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large β regime

non-zonal structures are the most unstable (westward 
propagating)

contours: 
growth-rate 

!
color shading: 
phase speed



We want to study the eddy—mean flow dynamics of 
the S3T instability near the stability boundary

There is instability if Re(σ)>0 which can occur for an 
appropriate ε only if Re[f(σ)]>0.

we set and therefore instability is controlled by:

At the stability boundary



            is expressed as a sum over the 
spectral components of the forcing
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contribution to      from wide range of k’s 
all k’s with |θ|<30 contribute
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Orr mechanism

finite shear flow

u0v0 > 0

eddies grow

mean flow decreases

u0v0 < 0

eddies decay

mean flow increases

turning time proportional to (mean flow shear)
-1



infinitesimal shear?
shear time≫dissipation time eddies don’t manage to 

shear over all the way

Orr mechanism

kk

θθ

eddies instantaneously give 
momentum flux to the mean flow

eddies instantaneously give 
momentum flux to the mean flow

θ<30°

θ>30°

what matters then is what the 
eddies do instantaneously
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contribution to     only from small range of k’sfr = Re
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contribution to     only from small range of k’s
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f (R)
r (n) =

1p
�

NrX

j=1

⇡Nj ⌘j

D1/2
0,j |�j |1/2

(cf. Bakas, Constantinou & Ioannou 2014)
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eddies tend to reinforce any 
mean flow inhomogeneity

turbulence acts anti-diffusively
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S3T generalizes the 
modulational instability of Rossby waves

 p = A cos (p · x� !pt)
MI is the hydrodynamic stability of finite amplitude Rossby 
waves (Lorenz 1972, Gill 1974,Connaughton et al. 2010)

Ĉe(k) = (2⇡)2p4|A|2[�(k� p) + �(k+ p)]

Parker & Krommes (2015?, Zonal jets book) Same eigenvalue relation  

MI: stability of basic state in the form of coherent Rossby wave 
!
S3T: statistical stability of an incoherent state with equilibrium covariance 
with the same power spectrum as the Rossby wave

“formal” because the problems are very different

There is a formal equivalence between the modulational 
instability of        and the S3T instability of the 
homogeneous state in the inviscid limit with covariance

 p = A cos (p · x� !pt)



S3T generalizes the 
modulational instability of Rossby waves

(cf. Bakas, Constantinou & Ioannou 2014)

The stability of any coherent nonlinear solution, i.e.,

can be studied as the S3T stability of the 
homogeneous equilibrium Ĉe(k) ⇠ |↵(✓)|2 �(k � kf )

 C =

Z 2⇡

0
↵(✓) cos[k · x� !kt] d✓ , k = kf (cos ✓, sin ✓)

(which corresponds to the equilibrium 
covariance in a forced—dissipative flow with 
forcing structures considered in this talk)

 C =

Z 2⇡

0
↵(✓) cos[k · x� !kt] d✓ , k = kf (cos ✓, sin ✓)



Contrary to modulational instability, which only 
addresses the homogeneous turbulent equilibrium,  

within S3T we can also study the stability of  
any inhomogeneous turbulent equilibrium



existence of multiple 
equilibria and their 

domain of attraction 
!

merging of jets as ε 
increases

Stability analysis of 
inhomogeneous turbulence 

states with zonal jets 
predicts: 

Stability of inhomogeneous S3T equilibria
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We have discussed the S3T instability of the 
homogeneous turbulent equilibrium and also the 

stability of inhomogeneous S3T equilibria characterized 
by zonal jets. 

!
Are these results reflected in nonlinear simulations?

Nikos showed already a lot of examples 
in the previous talk. 

!
Also, extensive comparison of the predictions of S3T 

with nonlinear simulations (bifurcation diagrams, mean 
flow profiles, jet mergers, etc) can be found in: 

!
Constantinou, Farrell and Ioannou 2014 

Bakas and Ioannou 2014



!
S3T predicts emergence of jets out of homogeneous turbulence as a 
bifurcation	


turbulence acts anti-diffusively reinforcing even infinitesimal mean 
flow inhomogeneities	


S3T stability analysis embeds the modulational instability results into 
a more general physical framework	


the stability of inhomogeneous statistical turbulent equilibria (i.e. 
Jupiter) can be studied within S3T framework

Conclusions
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